Let G be a finite graph allowing loops, having no multiple edge and no isolated vertex. We associate G with the edge polytope P G and the toric ideal I G . By classifying graphs whose edge polytope is simple, it is proved that the toric ideals I G of G possesses a quadratic Gröbner basis if the edge polytope P G of G is simple. It is also shown that, for a finite graph G, the edge polytope is simple but not a simplex if and only if it is smooth but not a simplex. Moreover, the Ehrhart polynomial and the normalized volume of simple edge polytopes are computed.
Introduction
Let G be a finite graph on the vertex set V (G) = {1, . . . , d} allowing loops, having no multiple edge and no isolated vertex. Let E(G) = {e 1 , . . . , e n } denote the set of edges (and loops) of G. If e = {i, j} is an edge of G between i ∈ V (G) and j ∈ V (G), then we define ρ(e) = e i + e j . Here e i is the ith unit coordinate vector of R d . In particular, for a loop e = {i, i} at i ∈ V (G), one has ρ(e) = 2e i . The edge polytope of G is the convex polytope P G (⊂ R d ) which is the convex hull of the finite set {ρ(e 1 ), . . . , ρ(e n )}. If e = {i, j} is an edge of G, then ρ(e) cannot be a vertex of P G if and only if i = j and G has a loop at each of the vertices i and j. With considering this fact, throughout the present paper, we assume that G satisfies the following condition: ( * ) If i, j ∈ V (G) and if G has a loop at each of i and j, then the edge {i, j} belongs to G.
Let K[t] = K[t 1 , . . . , t d ] denote the polynomial ring in d variables over K. If e = {i, j} is an edge of G, then t e stands for the monomial t i t j belonging to K [t] . Thus in particular, if e = {i, i} is a loop of G at i ∈ V (G), then t e = t 2 i . The edge ring of G is the affine semigroup ring K[G] (⊂ K[t]) which is generated by t e 1 , . . . , t en over K. Let R G = K[{x ij } {i,j}∈E(G) ] denote the polynomial ring in n variables over K. The toric ideal of G is the ideal I G (⊂ R G ) which is the kernel of the surjective ring homomorphism π : R G → K[G] defined by setting π(x ij ) = t i t j for {i, j} ∈ E(G). A convex polytope P of dimension d is simple if each vertex of P belongs to exactly d edges of P. A simple polytope P is smooth if at each vertex of P, the primitive edge directions form a lattice basis.
Our goal is as follows: (i) To classify graphs whose edge polytope is simple (Theorem 1.8), (ii) To show the existence of a quadratic and squarefree initial ideal of toric ideals arising from simple edge polytopes (Theorem 2.1), (iii) To compute the Ehrhart polynomial and the normalized volume of simple edge polytopes (Theorem 3.1).
Simple edge polytopes
In this section, we classify all finite graphs G for which the edge polytope P G is simple.
A closed walk of G of length q is a sequence (e i 1 , e i 2 , . . . , e iq ) of edges of G, where e i k = {u k , v k } for k = 1, . . . , q, such that v k = u k+1 for k = 1, . . . , q −1 together with v q = u 1 . Such a closed walk is called a cycle of length q if u k = u k ′ for all 1 ≤ k < k ′ ≤ q. In particular, a loop is a cycle of length 1. Let Γ = (e i 1 , e i 2 , . . . , e i 2q ) where e i k = {u k , v k } for k = 1, . . . , 2q be an even closed walk of G. Then it is easy to see that Let G denote the subgraph of G with the edge set E( G) = E(G) \ {{i, j} ∈ E(G) | i = j and {i, i}, {j, j} ∈ E(G)}. Then we have P G = P e G . The following Propositions are known [2, 5] . 
where r ′ is the number of connected components of G having no odd cycle.
Let W be a subset of V (G). The induced subgraph of G on W is the subgraph G W on W whose edges are those edges e = {i, j} ∈ G(E) with i ∈ W and j ∈ W . If G ′ is an induced subgraph of G with the edges e i 1 , . . . , e iq , then we write F G ′ for the convex hull of {ρ(e i 1 ), . . . , ρ(e iq )} in R n . It follows that F G ′ is a face of P G . Hence, F G ′ is simple if P G is simple. Lemma 1.4. Let e and f be edges of G with e = f and suppose that each of ρ(e) and ρ(f ) is a vertex of P G . Then the convex hull of {ρ(e), ρ(f )} is an edge of P G if and only if one of the following is satisfied:
(i) Each of e and f is a loop of G;
(ii) e = {i, j} with i = j and f is a loop at i; (iii) e = {i, j}, f = {k, k} with |{i, j, k}| = 3 such that either {i, k} ∈ E(G) or {j, k} ∈ E(G);
(iv) e = {i, j}, f = {j, k} with |{i, j, k}| = 3 such that either {i, k} ∈ E(G) or {j, j} ∈ E(G);
(v) e = {i, j} and f = {k, ℓ} with |{i, j, k, ℓ}| = 4 such that the induced subgraph of G on {i, j, k, ℓ} has a vertex of degree 1. (If the induced subgraph of G on {i, j, k, ℓ} has no loop, then we can replace "a vertex of degree 1" with "no even cycle of the form (e, e ′ , f, f ′ )".)
Proof. Let, in general, P be a convex polytope and F a face of P. Then each face F ′ of F is a face of P. In addition, if F and F ′ are faces of P with F ′ ⊂ F , then F ′ is a face of F . (i) Let e be a loop at i ∈ V (G) and f a loop at j ∈ V (G), where i = j. Let G ′ be the induced subgraph of G on {i, j}. By the condition ( * ), we have E(G ′ ) = {e, f, {i, j}}. Hence the convex hull of {ρ(e), ρ(f )} coincides with the face F G ′ of P G . Thus the convex hull of {ρ(e), ρ(f )} is an edge of P G .
(ii) Let G ′ be the induced subgraph of G on {i, j}. Since ρ(e) is a vertex of P G , we have {j, j} / ∈ E(G). Hence E(G ′ ) = {e, f }. As in (i), the convex hull of {ρ(e), ρ(f )} coincides with the face F G ′ of P G .
(iii) Suppose {i, k} ∈ E(G) and {j, k} ∈ E(G). Let G ′ be a subgraph of G with E(G ′ ) = {e, f, {i, k}, {j, k}}. Then the edge polytope P G ′ is a rectangle and the convex hull of {ρ(e), ρ(f )} is its diagonal. Thus the convex hull of {ρ(e), ρ(f )} cannot be an edge of P G ′ . Since P G ′ is a subpolytope of P G , {ρ(e), ρ(f )} cannot be an edge of P G .
On the other hand, suppose {i, k} ∈ E(G). Let G ′′ be the induced subgraph of G on {i, j, k}. By the condition ( * ), E(G ′′ ) is one of the following: {e, f }, {e, f, {j, k}} and {e, f, {j, k}, {j, j}}. In all of three cases above, the face F G ′′ is a simplex. Thus the convex hull of {ρ(e), ρ(f )} is an edge of P G .
(iv) If both e ′ = {i, k} and f ′ = {j, j} belongs to E(G), then we have ρ(e) + ρ(f ) = ρ(e ′ ) + ρ(f ′ ). Thus the convex hull of {ρ(e), ρ(f )} cannot be an edge of P G . On the other hand, suppose that either {i, k} ∈ E(G) or {j, j} / ∈ E(G). Let G ′ be the induced subgraph of G on {i, j, k}. If {j, j} ∈ E(G), then {i, k} ∈ E(G) and G has a loop at neither i nor k. Hence E(G ′ ) = {e, f, {j, j}}. Thus the face F G ′ is a triangle and the convex hull of {ρ(e), ρ(f )} is an edge of P G . If {j, j} / ∈ E(G), then the face of P G arising from the supporting hyperplane
. Thus the convex hull of {ρ(e), ρ(f )} cannot be an edge of P G . If G ′ has no even cycle of the form (e, e ′ , f, f ′ ), then we may assume that {i, k} / ∈ E(G) and {i, ℓ} / ∈ E(G). Since the degree of i is not 1, we have {i, i} ∈ E(G). Hence G has a loop at none of j, k and ℓ. Since the degree of each of k and ℓ is not 1, we have {j, k} ∈ E(G) and {j, ℓ} ∈ E(G). Thus E(G ′ ) = {e, f, {i, i}, {j, k}, {j, ℓ}}. Then we have 2ρ(e) + ρ(f ) = ρ({i, i}) + ρ({j, k}) + ρ({j, ℓ}) and hence the convex hull of {ρ(e), ρ(f )} cannot be an edge of P G .
Suppose that the degree of a vertex i of G ′ is 1. Then, none of {i, i}, {i, k} and {i, ℓ} belongs to E(G). Since G has no loop at either k or ℓ, we may assume that G has no loop at k. Then the hyperplane
is a supporting hyperplane of P G and the face H ′ ∩ P G is either an edge or a triangle. Since both ρ(e) and ρ(f ) belongs to H ′ ∩ P G , the convex hull of {ρ(e), ρ(f )} is an edge of P G . Proof. Suppose that G is not connected. Since P G is not a simplex, there exists a connected component
Suppose that G has a vertex i of degree 1. Let e = {i, j} ∈ E(G). Thanks to Lemma 1.4, the convex hull of {ρ(e), ρ(f )} is an edge of P G for all (e =) f ∈ E(G). Since P G is not a simplex, this contradicts that P G is simple. Moreover, the induced subgraph G ′ satisfies the same condition since the face F G ′ is also simple. Proof. It follows by the same argument as in Proof of Lemma 1.5 since
such that every edge of G is of the form {i, j} with i ∈ V 1 and j ∈ V 2 . Lemma 1.7. Let W be the set of those vertices i ∈ V (G) such that G has no loop at i and G ′ the induced subgraph of G on W . Suppose that the face F G ′ is not a simplex. Then P G is simple if and only if the following conditions are satisfied:
′ is a complete bipartite graph with at least one cycle of length 4;
(iii) G has at most one loop.
(iv) and (v) say that, if G
′ has no cycle of length 4, then the convex hull of {ρ(e), ρ(f )} is an edge of
denote the induced subgraph of G on V (C). Since F G ′′ is simple, by using Lemma 1.4 (iv), it follows easily that G ′′ = C. In other words, (♯) every cycle C ′ of length 4 of G ′ coincides with the induced subgraph on V (C ′ ).
Since C is a complete bipartite graph, there exists a maximal (with respect to inclusion) complete bipartite subgraph Γ of G ′ with C ⊂ Γ. Thanks to (♯), Γ is the induced subgraph of
Suppose that there is an edge {i, j} of G ′ with {i, j} ∈ E(Γ). If i / ∈ V (Γ) and j / ∈ V (Γ), then by applying Lemma 1.5
to the induced subgraph of G ′ on V (C) ∪ {i, j}, there exists an edge {k, ℓ} ∈ E(G ′ ) \ E(Γ) with k ∈ {i, j} and ℓ ∈ V (Γ). Thus we may assume that one of i ∈ V (Γ) and j ∈ V (Γ) holds. Say i ∈ V 1 and j ∈ V (Γ). Let i ′ ∈ V 1 with i ′ = i and C ′ a cycle of length 4 in Γ with
′ is a complete bipartite graph. If {i ′ , j} / ∈ E(Γ ′ ) and {j, k} ∈ E(Γ ′ ), then by Lemma 1.4 (iv) and (v), the convex hull of {ρ({i, j}), ρ(e)} is an edge of F Γ ′ for all e ∈ E(C ′ ) ∪ {{j, k}}. Hence ρ({i, j}) belongs to at least 5 edges of F Γ ′ . Since dim F Γ ′ = 4, F Γ ′ is not simple and this is a contradiction.
Thus the induced subgraph Γ ′′ of G on V (Γ) ∪ {j} is a complete bipartite graph with {i, j} ∈ E(Γ ′′ ). This contradicts the maximality of Γ. Hence E(Γ) = E(G ′ ). After the proof of (iii), we will prove that
(ii) We will prove that if G has a loop e at i, then {i, j} ∈ E(G) for all j ∈ V (Γ). Since Γ is a complete bipartite graph with at least one cycle of length 4, it is enough to show that, for any cycle
Let a denote the number of vertices ℓ ∈ {j, j ′ } with {ℓ, i} ∈ E(G) and b the number of vertices ℓ ′ ∈ {k, k ′ } with {ℓ ′ , i} ∈ E(G). Then by using Lemma 1.4 the number of edges of F G ′′ to which ρ(e) belongs is a + b + 4 − ab. (iii) Suppose that G has more than one loop. Let {i, i}, {i ′ , i ′ } ∈ E(G) with i = i ′ and let C ′ an even cycle of length 4 in Γ. Let G ′′′ denote the induced subgraph of G on {i, i ′ }∪V (C ′ ). By using (ii) which we already proved,
Then Lemma 1.4 (iv) and (v) guarantee that for each e ∈ E(C ′ ), the vertex ρ(e) belongs to 6 edges of F G ′′′ . Since dim F G ′′′ = 5, the face F G ′′′ cannot be simple. This is a contradiction and hence G has at most one loop.
Finally, since G has at most one loop and has no vertex of degree 1, G ′ has no isolated vertex. Thus Γ = G ′ , as desired.
("If") Suppose that the conditions (i), (ii) and (iii) are satisfied. First, if G has no loop, then G is a complete bipartite graph on W = {1, . . . , d} with at least one cycle of length 4. Let W = W 1 ∪ W 2 be the decomposition of W such that each edge of G is of the form {i, j} with i ∈ W 1 and j ∈ W 2 , where |W 1 | ≥ 2 and |W 2 | ≥ 2. Fix an edge e = {i 0 , j 0 } of G. Let f = {i, j} ∈ E(G) with e = f . Lemma 1.4 (iv) and (v) say that the convex hull of {ρ(e), ρ(f )} is an edge of P G if and only if either i = i 0 or j = j 0 . Hence each vertex of P G belongs to d − 2 edges of P G . Since P G is of dimension d − 2, it follows that P G is simple.
Second, suppose that G has exactly one loop. Let e be a loop of G at d. Then each edge {i, d} with 1 ≤ i < d belongs to G.
Fix an edge e 0 = {i 0 , j 0 } of G ′ . Let f = {i, d} with 1 ≤ i < d. Then by using Lemma 1.4
(iv) and (v) the convex hull of {ρ(e 0 ), ρ(f )} is an edge of P G if and only if either i = i 0 or i = j 0 . In addition, by using Lemma 1.4 (iii) the convex hull of {ρ(e 0 ), ρ(e)} cannot be an edge of P G . Hence ρ(e 0 ) belongs to
Then the convex hull of {ρ(f 0 ), ρ(f )} is an edge of P G if and only if f = {i 0 , j} with j ∈ W 2 , or f = {i, d} with i 0 = i ∈ W 1 , or f = e. Hence ρ(f 0 ) belongs to (d − 2) + 1 = d − 1 edges of P G .
Let f ∈ E(G) \ {e}. Then the convex hull of {ρ(e), ρ(f )} is an edge of P G if and only if f = {i, d} with 1 ≤ i < d. Hence ρ(e) belongs to d − 1 edges of P G .
Since the dimension of P G is d − 1, it follows that P G is simple, as desired. (i) P G is simple, but not a simplex ;
(ii) P G is smooth, but not a simplex ;
(iii) W = ∅ and G is one of the following graph :
(α) G is a complete bipartite graph with at least one cycle of length 4; (β) G has exactly one loop, G ′ is a complete bipartite graph and if G has a loop at i, then {i, j} ∈ E(G) for all j ∈ W ; (γ) G has at least two loops, G ′ has no edge and if G has a loop at
("(i) ⇒ (iii)") Suppose that the edge polytope P G is simple, but not a simplex. By Lemma 1.5, G is connected. Moreover, by Lemma 1.6, we have W = ∅. If F G ′ is not a simplex, then thanks to Lemma 1.7, G satisfies either (α) or (β).
Suppose that F G ′ is a simplex. Since P G is not a simplex, G has at least one loop. Let G 
Let a denote the dimension of the face F G ′ r . Then the dimension of F G ′′ is a + 1. However, the number of edges of the face F G ′′ to which the vertex ρ(f ) belongs is a + 2. This contradiction shows that either E(G ′ r ) = ∅ or G ′ r is a tree for all r. (A tree is a connected graph with no cycle.)
By Lemma 1.5, the degree of each vertex in W is at least 2. Hence G has at least 2 loops. Let e be a loop at i ∈ V (G) and e ′ a loop at i ′ ∈ V (G), where i = i ′ . Let U e = {j ∈ W | {i, j} ∈ E(G)} and U e ′ = {j ∈ W | {i ′ , j} ∈ E(G)}. We show that, if U e ∩ U e ′ = ∅, then U e = U e ′ . To see why this is true, let j r ∈ U e ∩ U e ′ and j s ∈ U e \ U e ′ . Let G ′′ denote the induced subgraph of G on {i, i ′ , j r , j s }. Then the dimension of the face F G ′′ is 3. However, the vertex ρ({i, j s }) belongs to 4 edges of F G ′′ . Hence F G ′′ cannot be simple. Thus U e = U e ′ . Thanks to Lemma 1.6, it follows that U e = W holds for any loop e of G. Then G satisfies the condition (γ).
Case 2. E(G ′ q ) = ∅. Let e be a loop at i ∈ V (G) and e ′ a loop at i ′ ∈ V (G) with i = i ′ . Suppose that {i, j} with j ∈ V (G ′ r ) and {i
Let a denote the dimension of the face F G ′ r . Then the dimension of F G ′′ is a + 3. However, the number of edges of the face F G ′′ to which the vertex ρ(f ) belongs is at least a + 4. This contradiction shows that if {i, j}
Thus, in particular, there exists exactly one loop e 0 = {i 0 , i 0 } of G such that {i 0 , j} with j ∈ V (G ′ q ) belongs to E(G).
We will show that G has no loop except for e 0 . Suppose that G has at least two loops. Thanks to Lemma 1.6, all loops of G and E(G ′ q ) are in the connected graph G. Hence there exists a loop e = {i, i} of G with e = e 0 such that both {i 0 , j s } and {i, j s } belongs to E(G) for some
Let a denote the dimension of the face F G ′ q . Then the dimension of F G ′′ is a + 4. However, the number of edges of the face F G ′′ to which the vertex ρ(f ) belongs is at least a + 5. This is a contradiction. Thus G has exactly one loop e 0 = {i 0 , i 0 }.
Since G has no vertex of degree 1 by Lemma 1.5, we have E(G ′ i ) = ∅ for all i. Next we will show q = 1. Suppose that {i 0 , j} and {i 0 , j
Let a denote the dimension of the face F G ′′ . Then the dimension of F G ′′′ is a + 2. However, the number of edges of the face F G ′′′ to which the vertex ρ(f ) belongs is at least a + 3. This contradiction shows that if {i 0 , j}, {i 0 , j ′ } ∈ E(G), where j, j ′ ∈ V (G 
If there is an edge f = {k, ℓ} ∈ E(G ′ ) with k ∈ U and ℓ ∈ U, then the number of edges of P G to which the vertex ρ(f ) belongs is at least |W | + 1, a contradiction. Hence, if {k, ℓ} is an edge of G ′ , then either k ∈ U or ℓ ∈ U. Suppose that U = W . Let j ∈ W \ U. Since G has no vertex of degree 1, the degree of j in the graph G ′ is at least 2. Hence suppose that {j, i 1 } and {j,
G is not simple, this is a contradiction. Thus, we have U = W .
Let {k, k ′ }, {ℓ, ℓ ′ } ∈ E(G ′ ) and suppose that {k, k ′ } ∩ {ℓ, ℓ ′ } = ∅. Since G ′ has no cycle of length 4, we may assume that {k, ℓ ′ } / ∈ E(G) and {k
. Then the number of edges of P G to which the vertex ρ({k, k ′ }) belongs is at least |W | + 1, a contradiction.
Since G ′ is a tree, it follows that G ′ has a vertex j 0 such that each edge of G ′ is of the form {j 0 , j}. Hence G ′ is a complete bipartite graph and G satisfies the condition (β).
("(iii) ⇒ (ii)") Thanks to Proposition 1.2, P G is not a simplex. We will show that P G is smooth. For each vertex v of P G , let M v denote the matrix whose columns are set of all primitive edge directions at v. Let 1 = (1, . . . , 1) and let E m be the identity matrix.
(α) Suppose that G is a complete bipartite graph. Let e = {1, 1 ′ } ∈ E(G). For f ∈ E(G), the convex hull of {ρ(e), ρ(f )} is an edge of P G if and only if either f = {1, i ′ } with i
Since they form a lattice basis, P G is smooth.
(β) Suppose that G has exactly one loop and G ′ is a complete bipartite graph with vertex set V 1 ∪ V 2 . Let {1, 1} ∈ E(G), V 1 = {2, . . . , m} and V 2 = {m + 1, . . . , d}.
Let e = {1, 1}. For f = {i, j} ∈ E(G), the convex hull of {ρ(e), ρ(f )} is an edge of P G if
and
and columns of M ρ(e) form a lattice basis.
Let e = {1, 2} ∈ E(G). For f ∈ E(G) with e = f , the convex hull of {ρ(e), ρ(f )} is an edge of P G if and only if f belongs to {{1,
form a lattice basis.
Let e = {2, m + 1} ∈ E(G). For f = {i, j} ∈ E(G) with e = f , the convex hull of {ρ(e), ρ(f )} is an edge of P G if and only if either i = 2 or i = m + 1.
Thus, in all cases, columns of M ρ(e) form a lattice basis and hence P G is smooth.
(γ) Let V (G ′ ) = {1, . . . , m} and V (G) = {1, . . . , m, m + 1, . . . , d}. Let e = {1, 1}. For f ∈ E(G) with e = f , the convex hull of {ρ(e), ρ(f )} is an edge of P G if and only if either f = {i, i} with 2 ≤ i ≤ m or f = {1, j} with m
Let e = {1, m + 1}. For f ∈ E(G) with e = f , the convex hull of {ρ(e), ρ(f )} is an edge of P G if and only if f belongs to {{1, 1}} ∪ {{i, m + 1} | 1 < i ≤ m} ∪ {{1, j} | m + 1 < j ≤ d}. Thus, in all cases, columns of M ρ(e) form a lattice basis and hence P G is smooth, as desired.
On the other hand, there exist graphs G such that P G is a simplex, but not smooth. Example 1.9. The edge polytope of the graphs G 1 and G 2 is a simplex (triangle) but not smooth:
(ii) E(G 2 ) = {{1, 1}, {1, 2}, {2, 2}, {3, 4}}. Theorem 1.10. Let G be a finite graph on the vertex set V (G) = {1, . . . , d} with d ≥ 2. Suppose that P G is a simplex. Then P G is smooth if and only if G satisfies one of the followings:
(ii) G satisfies the condition in Proposition 1.2 and has at most one loop.
Proof. ("Only if") Suppose that the edge polytope P G of a graph G is a simplex and smooth. Let G (1) , . . . , G (r) be the connected components of G. Suppose that G has at least two loops and that G
(1) has a loop of G. Thanks to the condition ( * ), all loops of G are in G (1) . Since P G is smooth, any face of P G is smooth. Hence none of the graphs G 1 , G 2 in Example 1.9 is the induced subgraph of G. If r ≥ 2, then a loop of G (1) together with an edge of G (2) form an induced subgraph of G. This contradicts that G 2 is not an induced subgraph of G. Hence r = 1, that is, G is connected. Suppose that there exists a vertex i such that G has no loop at i. Since G is connected, there exists a path from i to a vertex j where G has a loop at j. Then it follows that G 1 is the induced subgraph of G. This is a contradiction. Thus G has a loop at every vertex.
("If") Suppose that G is a graph satisfying the condition (i). Since G is the induced subgraph of a graph in Theorem 1.8 (iii) (γ), P G is a face of a smooth polytope. Hence P G is smooth.
Suppose that G is a graph satisfying the condition (ii). Since G has at most one loop, P G ∩ Z d coinsides with the set of vertices of P G . It is well-known that, if σ is an integral simplex having no lattice point except for its vertices, then we can transform σ to the standard simplex of R dim σ , that is, the convex hull of {0, e 1 , . . . , e dim σ }. Since the standard simplex is smooth, P G is smooth.
Quadratic Gröbner bases
In this section, we discuss quadratic Gröbner bases of toric ideals arising from simple edge polytopes.
Let R G = K[{x ij } {i,j}∈E(G) ] be the polynomial ring in n variables over K and the toric ideal of G is the ideal I G (⊂ R G ) which is the kernel of the surjective ring homomorphism π : R G → K[G] defined by setting π(x ij ) = t i t j for {i, j} ∈ E(G). Let, as before, W denote the set of those vertices i ∈ V (G) such that G has no loop at i and G ′ the induced subgraph of G on W .
Suppose that the edge polytope P G is simple and I G = (0). Then, either G satisfies one of (α), (β) and (γ) in the condition (iii) of Theorem 1.8 or G has at least two loops and satisfies the condition in Proposition 1.2. If G satisfies (α), then let V (G) = V 1 ∪ V 2 = {1, . . . , m} ∪ {m + 1, . . . , d}. If G satisfies (β), then suppose that G has a loop at 1 and let
. . , m} ∪ {m + 1, . . . , d}. If G satisfies (γ), then suppose that G has a loop at each of {1, . . . , m} and let V (G ′ ) = {m + 1, . . . , d}. If P G is a simplex with I G = (0), then suppose that G has a loop at each of {1, . . . , m}. Let < lex be a lexicographic order on R G satisfying that x kℓ < lex x ii where k < ℓ and that x ij < lex x kℓ where i < j, k < ℓ ⇔ either (i) i < k or (ii) i = k and j > ℓ. Proof. Suppose that P G is not a simplex. Let G d be a graph with the edge set E(
It is known [5, Chapter 14 ] that, with respect to a "sorting" monomial order, the toric ideal I G d has a quadratic Gröbner basis
where the initial monomial of each g ∈ G d is the first monomial of g and squarefree. See also [4] . Since the initial monomial of g ∈ G d with respect to < lex is also the first monomial, G d is a Gröbner basis with respect to < lex . It then follows that if either x ij x kℓ or x iℓ x jk belongs to R G , then x ik x jℓ belongs to R G . By the elimination property of < lex , G d ∩ R G is a Gröbner basis of I G with respect to < lex .
Suppose that P G is a simplex with I G = (0). Let G (1) , . . . , G (r) be the connected components of G. Let G (1) have a loop of G. Then thanks to the condition ( * ), all loops of G are in G (1) . By virtue of the condition ( * ) together with Propositions 1.1 and 1.2, we have R G /I G = (R Gm /I Gm ) [{x ij } {i,j}∈E(G)\E(Gm) ] and hence I G , I G (1) and I Gm have the same minimal set of binomial generators. Thus G m is a Gröbner basis of I G .
Ehrhart polynomials
If P ⊂ R d is an integral convex polytope, then we define i(P, m) by i(P, m) = |mP ∩ Z d |. It is known that i(P, m) is a polynomial in m of degree dim P. We call i(P, m) the Ehrhart polynomial of P. If vol(P) is the normalized volume of P, then the leading coefficient of i(P, m) is vol(P)/(dim P)!. We refer the reader to [1] for the detailed information about Ehrhart polynomials of convex polytopes. .
